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a b s t r a c t
The sound and underwater sound emitted from awater drop collidingwith awater surface
are simulated by a new model of the finite difference lattice Boltzmann method. The
two-particle immiscible fluid model is modified to simulate sound in the gas phase and
underwater simultaneously. In the very early stage after the collision, sounds propagating
into the gas and liquid phases are successively detected, and the effects of drop shape and
gas bubbles are also observed.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction
Sounds generated at liquid–gas interfaces, such as those from raindrops and waves are common in daily life. However,
their mechanism is still ambiguous because these phenomena occur very quickly and their scale is very small, making
experimental investigations difficult. It is still harder to simulate them numerically, because sound waves and gas–liquid
two-phase flows themselves are difficult to be subjected to computational fluid dynamics.
For the fluid dynamic sound, direct simulations using high-resolution schemes have become popular. The lattice
Boltzmann method (LBM) [1–7] shows some promise. Its accuracy is examined [7], and a technique has been proposed
to construct a compressible thermal model in the framework of a standard nine-velocity model [8]. Recently, sound in an
instrument with a single reed has been calculated, which included the reed vibration [9]. The authors have shown that
the finite difference lattice Boltzmann method (FDLBM), is a very powerful tool for computational aero-acoustics (CAA)
at moderate Mach numbers [10,11]. On the other hand, many calculation methods for interfaces have been developed.
The Marker and Cell (MAC [12]), Volume of Fluid (VOF [13]) and Level-Set (LS [14]) methods, are widely used. The Cubic-
Interpolated Pseudo-particle (CIP [15]) technique has been considered to reduce the diffusivity at the interface.
Immiscible models based on the LBM, which are excellent for the conservation of volume or mass, have been
developed [16,17] for the simulation of multi-phase flows. Sound reflection and transmission between two fluids that have
different sound speeds have been simulated [18], and the motion of particles in a sound field has been calculated [19]. In
this paper, wemodify a two-particle model for gas and liquid two-phase flows in order to consider large density differences
and surface tension effects. We also consider the elasticity or compressibility of a liquid and obtain a liquid model realizing
sound propagation with a speed of sound underwater.
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2. Basic equations
2.1. The discrete BGK equation
The basic equation for the FDLBM is the following discrete Bhatnagar–Gross–Krook (BGK) equation
∂ f ki
∂t
+ ciα ∂ f
k
i
∂xα
= −1
τ
(
f ki − f eqki
)
(1)
where f ki is the distribution function which is the number density of particles having velocity ciα , and subscripts i represents
the direction of particle translation; α represents the Cartesian co-ordinates; f eqi is the local equilibrium distribution
function. The term on the right-hand side represents the collision of particles and τ is called the single relaxation time
factor. Superscript k represents the gas and liquid phases. We use a two-particle model in which k = G represents the gas
phase and k = L the liquid phase.
The macroscopic variables, density ρ and flow velocity u are obtained by
ρk =
mp∑
i
f ki =
mp∑
i
f eqki (2)
ρu =
G,L∑
k
mp∑
i
f ki ci =
G,L∑
k
mp∑
i
f eqki ci (3)
wheremp is the number of particles and the pressure P = ρ/3.
2.2. Interface treatment
In order to obtain a sharp interface for the immiscible two-particle model, artificial separation techniques are sometimes
introduced. In this study, the phase separation or re-color technique of Latva-Kokko and Rothman [20,21] is employed.
In this technique, an additional term is introduced to the discrete BGK equation as
∂ f ki
∂t
+ ciα ∂ f
k
i
∂xα
= −1
τ
(
f ki − f eqki
)
+
(
f ki − f
′k
i
)
(4)
where f
′k
i is a re-distributed function calculated from the interface gradient. is given by
f
′G
i =
ρG
ρG + ρL
(
f Gi + f Li
)+ φ ρGρL
(ρG + ρL)2
(
f eqG(0)i + f eqL(0)i
)
cosϕ|i (5)
f
′L
i =
ρL
ρG + ρL
(
f Gi + f Li
)− φ ρGρL
(ρG + ρL)2
(
f eqG(0)i + f eqL(0)i
)
cosϕ|i (6)
whereφ is a parameter for controlling the thickness of the diffusive interface and f eqk(0)i the equilibriumdistribution function
for velocity zero considering natural or pure diffusion. Each sum of f ′Gi and f
′L
i is not changed at the collision, and thus the
density, momentum and energy are conserved. ϕ is the angle between the density gradient and the particle velocity and is
given by
cosϕ|i = G · ci|G| · |ci| (7)
G (x) =
∑
i
ci
[
ρG (x+ ci)− ρL (x+ ci)
]
. (8)
2.3. Introduction of external forces
External forces are introduced to the equilibrium distribution function as an impulsive force per mass. The equilibrium
distribution function f eqki = f eqki
(
t, ρk, uα
)
is modified by an external force Fα as
ρ → ρ (9)
uα → uα + τFα (10)
where the impulsive force includes the gravitational force in Section 2.4, the surface tension force in Section 2.5, and the
acceleration modification due to the density difference in Section 2.6.
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2.4. Gravitational force
Gravitational force can be introduced by expressing the force in (10) as
Fα = gαδαβ (11)
where β represents the direction of the gravitational force. However, this force is not employed in this study because
compression waves are generated when gravitational force is introduced in deep water, as described later, and these waves
are hardly dampened. The initial drop velocity is introduced instead of the gravitational force; the details of which will be
given in Section 4.
2.5. Surface tension
We employ a model proposed by Gunstensen and Rothman [22] and the Continuum Surface Force (CSF) method [23]. In
CSF, the surface tension force FS is given by
FS = σKnˆ (12)
where σ is the surface (interfacial) tension coefficient C K the curvature of the interface, nˆ the normal unit vector of the
interface, and nˆ (x) = n (x) / |n (x)|. The normal vector on the interface n (x) is calculated by
n (x) = ∂
(
ρG (x)− ρL (x))
∂x
. (13)
The curvature K is also calculated by
K = − (∇ · nˆ) = 1|n|
[(
n
|n| · ∇
)
|n| − (∇ · n)
]
. (14)
2.6. Model for two fluids with a large density difference
He et al. [24] have proposed a large density difference fluid model with densities differing by a factor of up to about 40,
whereas Inamuro et al. [25] have proposed a model with densities differing by a factor of up to 1000. The fluid in the liquid
phase is completely incompressible in Inamuro’s model and hence sound in the liquid phase cannot be simulated with this
model. Therefore, we propose a novel model for two-phase flows with a large density difference. The density difference is
realized by changing the acceleration, and this effect is also introduced to the model by applying impulsive force on each
particle
Fin = −a+ a′ = −
(
− 1
ρ
∂P
∂x
+ µ
ρ
∇2u
)
+
(
− 1
mρ
∂P ′
∂x
+ µ
′
mρ
∇2u
)
(15)
where P ′ is the effective pressure, a the acceleration to cancel the original force term, and a′ the newly introduced
acceleration due to the density and viscosity of the fluid considered.m is the averaged density andµ′ is the averaged viscosity
m =
∑
k=G,L
mkρk∑
k=G,L
ρk
(16)
µ′ =
∑
k=G,L
µkρk∑
k=G,L
ρk
. (17)
The density ratio of the two fluids is given as mL/mG. In the case of water and air, it is about 800, and the viscosity ratio is
about 70. The ratios change continuously across the interface.
2.7. Compressibility of the liquid
A simple model of bulk elasticity is introduced to consider the compressibility of the liquid as
P ′ = P0 + β ρ − ρ0
ρ0
(18)
whereβ is a parameter to control the elasticity and it corresponds to the bulkmodulus of elasticity, P0 the reference pressure,
and ρ0 is the reference density, which is fixed to unity in this study. In the liquid phase, changes in temperature are not
considered.
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Fig. 1. Distribution of particles of the D2Q9 model.
3. Two-dimensional simulation
3.1. Two-dimensional nine-velocity model
In this study, a two-dimensional nine-velocity (D2Q9) model [1–6] is used, whose equilibrium distribution function is
given by
f eqi = ωiρ
(
1+ 3uαci,α + 92uαuβci,αci,β −
3
2
u2
)
(19)
where
ω0 = 4/9, ω1−4 = 1/9, ω5−8 = 1/36. (20)
The velocity set is shown in Fig. 1 and expressed as
ci = (0, 0) for i = 0
ci = (cos [pi (i− 1) /2] , sin [pi (i− 1) /2]) for i = 1− 4
ci =
√
2 (cos [pi (i− 9/2) /2] , sin [pi (i− 9/2) /2]) for i = 5− 8
(21)
The sound velocity in gas phase is calculated as cGs = 1/
√
3 by this model.
The scheme for calculation is the third-order upwind scheme (UTOPIA) for space and the second-order Runge–Kutta
method for the time integral.
3.2. Sound speed of the liquid phase
The sound speed of the liquid phase is given as
csL =
√
∆P ′
∆ρ
=
√
βL
mL
. (22)
In order to check the sound speed, we calculated a veryweak pressurewavewith a piston problem. The pressure profiles are
shown in Fig. 2, where the third-order upwind scheme (UTOPIA) is employed for the convection term of the discrete BGK
equation. In this figure, black squares represent the result by calculating the terms on the RHS in (15) by the second-order
central difference scheme, and red triangles represent that by the fourth-order central difference scheme. The numerical
oscillation is weaker in the latter case, but the sound speeds are the same. Thus, from now on, the terms on the RHS in (15)
are calculated by the second-order central difference scheme.
The relationship between the sound speed and parameter
√
βL/mL is shown in Fig. 3, and the relation given above is
shown to be satisfied. This result does not depend on the numerical scheme. If we consider a system consisting of water and
air, the ratio of the sound speed is about 4.3 and can be adequately chosen.
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Fig. 2. Propagation of underwater sound wave (very weak shock).
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Fig. 3. Sound speed versus bulk modulus using the D2Q9 model. The calculation result agrees with the analytical solution Cs =
√
βL/mL .
3.3. Reduction of unphysical noise at the interface
In the LBMs, spurious velocity and significant pressure noise usually appear at the gas–liquid interface, preventing
the simulation of sound generated at the interface. However, using the techniques presented in Section 2, especially the
continuum surface tension technique, the noises of flow velocity and pressure are remarkably reduced as shown in Fig. 4.
4. Sound generated by the collision of a water drop with a water surface
The sound generated by a water drop falling on water surface is a very well-known sound, and has been intensively
studied [26,27]. In this section, we calculated the sounds generated by collision of a water drop on a water surface and
propagated them into the gas phase and also into the water phase using the above-mentioned model.
In this calculation, we did not impose the gravitational force because internal compression waves are generated just
after imposing gravitational force. Instead, an initial velocity was imposed, as shown in Fig. 5. The calculation parameters
are given as follows.
4.1. Simulation parameters
A non-uniform Cartesian grid is used and a fine grid is gathered near the drop and the horizontal water surface, as shown
in Fig. 5. The number of grid is 303× 501, the minimum grid size 2× 10−5, and the time increment 2× 10−6. The diameter
of the drop is D = 2.0 × 10−3, and the initial height or distance between the water surface and the drop is H = 0.05D.
The density ratio is mL/mG = 800, and the viscosities of the gas and liquid are µG = 1.2 × 10−6 and µL = 6.4 × 10−5,
respectively. The surface tension coefficient is σ = 3.9× 10−4, and the bulk elastic modulus of the liquid is βL = 6400. The
phase separation coefficient is φ = 0.9, and the initial velocity of the droplet is U = 0.02. The sound speed in the gas phase
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(a) Spurious velocity.
(b) Pressure distributions.
Fig. 4. Spurious velocities and pressure distributions around a drop. Left: surface tension force due to the local density gradient causes large spurious
velocities; the pressure noise is considerable at the interface between two phases. Right: continuum surface tension technique reduces the spurious
velocity; the pressure at the interface is very smooth.
(a) The grid system in a half domain. (b) Initial position of the drop.
Fig. 5. The grid system near the drop andwater surface, and the initial drop position. Themirror boundary conditionwas employed for the central domain,
and the upper boundary condition is free.
is cGs = 0.578 and that in the liquid is cLs = 2.50. Thus the ratio of the two sound speeds is 4.33. Note that these parameters
are all non-dimensional values based on the minimum particle speed |c| = 1, the reference time t = 1, and the reference
length |c| /t = 1.
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t*= 0.5487 t*= 0.7544 t*= 0.9602 t*= 1.166
Fig. 6. Surface deformation and streamlines.
Fig. 7. Sounds emitted into gas phase and liquid phase.
The non-dimensional parameters such as the Reynolds number, theMach number, and theWeber number are expressed
as Re = ρLUD/µL = 500, Ma = U/cLs = 0.0008, and We = ρLU2D/σ = 1.6, respectively.
4.2. Surface deformation and sounds
Fig. 6 shows deformations of the drop and water surface in an early stage of collision at several non-dimensional times
t∗ = Ut/D. Streamlines are presented in the figure, and the discontinuities appearing at the interface indicate that the
density changes sharply at the interface.
The sounds propagating into the gas and liquid phases in the very early stages of collision are shown in Fig. 7. In this
figure, the pressure fluctuation, p∗ = (p− pi)/pi, where Re = ρLUD/µL = 500 is the initial pressure or pressure at infinity,
is shown. Initially, the sound in the gas phase is generated as the dropmoves and is then generated suddenly when the drop
collides on the water surface. On the other hand, sound is generated underwater on collision and is seen to propagate about
four times faster than the sound propagating in the gas phase. A sound pattern appears inside the drop, and sound originally
generated at the plane of collision (horizontal plane) propagates upward within the drop and downward to deep water. The
sound moves upward and is reflected at the surface of the drop to move downward again. A fraction of the sound passes
through the neck formed by contact of the drop and water surface, goes out to the deep water, and the rest reflects and goes
back to the drop. The reflection continues, and the sound is emitted in water in groups of which two groups are shown in
Fig. 7. We shall discuss this phenomenon later.
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(a) Observation point. (b) Directivity of sound.
Fig. 8. Directivity of sound into gas phase and liquid phase.
Fig. 9. Initial position and shape of the drop. Left: Drop initially connectedwithwater surfacewith neck. Right: Drop initially connectedwithwater surface
without neck.
The directivity of sound propagation, as shown in Fig. 8, is calculated by taking sound pressure data at points shown in
Fig. 8(a) and the maximum pressure fluctuation∆P = |p ∗max−p ∗min|. In the gas phase, the directivity seems complicated,
and strong directivity is seen in the direction of 30◦ from the horizontal surface. This sound is generated by the splash shown
in Fig. 5. In the liquid phase, the directivity is dipole-like, which has also been reported in the rainfall sounds.
4.3. Effect of bubbles and neck
The dipole-like underwater sound emission in rain fall has been considered to be the effect of small bubbles, and this
can be confirmed by the present simulation even in two-dimensional calculations. In the situation presented in Section 4.2,
where the initial position of the drop is separated from thewater surface, small bubbles are formed in the water as shown in
Fig. 6, with three bubbles on each half, and six bubbles in total. The same is true in Fig. 10(a). In this case, the sound emission
becomes dipole-like.
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a b c
Fig. 10. Patterns of sound emission at t∗ = 1.3. (a)With bubbles (three bubbles are formed on each half). (b)Without bubble butwith neck. (c) Rectangular
drop with neither bubble nor neck.
Two other extreme cases are simulated. In the first case, the drop and water surface are initially in contact through a
line as shown in Fig. 9(left), but the drop has a neck region. In this case, the sound emission is monopole-like, the reflection
occurs at the neck, and it propagates in groups as shown in Fig. 10(b). In the other, a rectangular-like drop initially contacts
the water surface, and it does not form a neck as shown in Fig. 9(right). In this case, the sound propagates into deep water in
one group, so only one reflection on the drop surface occurs, and after that the emission from the drop disappears as shown
in Fig. 10(c).
5. Conclusions
A two-phase-flow model with a large density difference including the elasticity of liquid is proposed, and two-
dimensional simulation of sound generated when a water drop collides with deep water is performed. Sounds propagating
into gas and liquid phases are successively detected. The directivity of sound into the gas phase is complicated due to the
splash, and that of sound into the water is strongly dependent on the small bubbles formed in the water when the collision
occurs and also on the shape of the drop.
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